Abstract-One of the major challenges with the increase in wind power generation is the uncertain nature of wind speed. So far the uncertainty about wind speed has been presented through probability distributions. Also the existing models that consider the uncertainty of the wind speed primarily view the distributions of the wind speed over a wind farm as being homogeneous. However, the uncertainty about these wind speed models has not yet been considered. In this paper the Bayesian approach to taking into account the uncertainty inherent in the wind speed model has been presented. The proposed Bayesian predictive model of the wind speed aggregates the nonhomogeneous distributions into a single continuous distribution. Therefore, the result is able to capture the variation among the probability distributions of the wind speeds at the turbines' locations in a wind farm. More specifically, instead of using a wind speed distribution whose parameters are known or estimated, the parameters are considered as random whose variations are according to probability distributions. The Bayesian predictive model for a Rayleigh which only has a single model scale parameter has been proposed. Also closed-form posterior and predictive inferences under different reasonable choices of prior distribution in sensitivity analysis have been presented.
INTRODUCTION
Environmental concerns have made wind power an appealing source of clean and renewable energy, and as this field continues to grow, calibrated and smart probabilistic forecasts can help to make wind power a more financially competitive alternative. However, this is challenging due to the uncertain nature of wind speed. Statistical methods have been applied to three different time scales: short-term, medium-term and long-term. Short-term wind speed forecasts play a central role in estimating various engineering parameters, such as power outputs, extreme wind loads, and fatigue loads [1] . The wind speed forecasts for this time scale are only a few hours ahead of target time [2] - [6] . Medium-term wind speed forecasts look several days ahead are generally based on weather prediction models, which can then be statistically postprocessed [7] - [10] . Long-term wind speed forecasts require analysis of wind speed data over a number of years [11] . Probability distributions are used primarily to take into account the uncertainly of wind speed in all three time scales.
The quality of wind speed modeling depends on the suitability of the chosen probability models to describe the wind speed frequency distribution. An overview of the wind speed models used in recent literature is as follows. [1] , [12] and [13] used a Weibull distribution to forecast the wind speed and assessed wind energy potential. [14] compared fit of a Rayleigh distribution and another Weibull distribution to wind speed data and showed that the Weibull model provided a better fit. In [15] , a wind speed distribution was shown to be satisfactorily described by a Lognormal distribution. In [16] Weibull and Lognormal distributions were used to fit wind speed frequencies and concluded that the Weibull distribution better fit the data. [17] used Rayleigh, Weibull, and Gamma distributions to model wind speeds both on and offshore. In addition Gumbel and the Generalized Extreme Value distributions were used to model extreme wind speeds [18] - [21] .
II. PROPOSED METHOD
This section will develop Bayesian stochastic models which incorporate the uncertainty about the wind speed distributional parameters in order to use a Bayesian predictive distribution of the wind speed in the context of wind-penetrated power systems. More specifically, instead of using a wind speed distribution f(w|θ), where θ is a vector of parameters whose values are known or estimated, we will view θ as a random vector whose variation is according to a prior probability distribution p(θ) which can be updated in light of data D into a posterior distribution p(θ|D) via the Bayes' rule as follows:
where ( )
is the conditional density function of wn+1.
Bayesian methods are available for situations where there is a complete absence of knowledge about the parameters as well as when some partial information about the distribution of the parameters. In the case of the complete absence of knowledge about the parameter, several methods for developing noninformative priors have been suggested in the statistics literature [22] and for the case of partial information developing prior distribution based on the maximum entropy approach are used [22] and [23] . Two important consequences of a Bayesian stochastic model are as follows. a) Inclusion of uncertainty about the parameters of the wind speed distribution results in using a more prudent predictive distribution for the wind speed. That means, on average, the predictive distribution is more disperse than the probability distributions when the uncertainty about the parameters is ignored. Consequently, for example, for a range of the wind speed with a given probability, the range under the Bayesian predictive distribution is wider than that of ignoring the parameter uncertainty. Conversely, for a given probability, the range of the wind speed under the Bayesian predictive distribution is narrower than that of ignoring the parameter uncertainty. b) The probability distributions of the parameters can be viewed in terms of the heterogeneity of the distributions of the wind speed over a wind farm. The wind speed distributions for various turbines in a farm may belong to the same family of models, such as the Weibull, and the model parameters of each turbine may vary randomly according to some probability distributions. The Bayesian predictive distribution aggregates the non-homogeneous distributions into a single distribution that captures the variation among the probability distributions of the wind speeds at the turbines' locations in a wind farm.
III. EXAMPLE: RAYLEIGH MODEL FOR DATA
The Rayleigh distribution is the simplest distribution commonly used to describe wind speeds [22] , [24] and [25] because it only has a single model parameter c. Assume that the wind speed distribution is Rayleigh with the PDF, 
A. Prior information
Consider the general problem of inferring a distribution for a parameter given some datum or data wi. From Bayes' theorem, the posterior distribution is proportional to the product of the likelihood function ( ) 
From the Bayes' rule (1) gives the posterior: (11) and the posterior variance is:
The Bayesian predictive distribution of wind speed is: 
Expression (14) is the kernel of the Pareto Type IV distribution, P(IV), with scale parameter (Tn + β)
1/2 , shape parameter 2, and the tail index α + n. The complete PDF of predictive wind speed is: 
The survival function, ( )
The mean of (14) is:
The 2-moment of (14) is: 
The variance of (14) is: 
The mean and variance of the distribution (14) exist because 2
Understanding how changes in the model inputs influence the outputs is a concern. In this chapter, we do the sensitivity analyses via changing the number of wind samples, parameters of prior distributions and class of prior distributions. IV. SIMULATIONS AND RESULTS In this section we simulate small wind speed samples, say n = 3, 5 and 20, from a known Rayleigh model without uncertainty with c = 9.24. Then we do posterior and predictive inferences under two informative priors on the parameter θ = 1/c 2 . We begin with presenting priors for θ as shown in Estimates of posteriors' distributional parameters for θ and c.
The first column of the table shows the wind speed sample size, n, and the sum of the squared randomly selected wind speed samples, Tn. It is seen that Tn increases while n increases. This always happens when the sample size is large. But this statement is not necessarily true for the small sample sizes like n = 3 and 5. We have randomly selected n samples multiple times, say one thousand times. The mean of the distribution of Tn for n = 5 is always greater than that of n = 3. We have chosen those wind speed samples which have the value of Tn nearest the mean. Table 1 illustrates that the mean values of the posterior distributions of the c parameter get closer to the scale parameter value of the Rayleigh distribution without uncertainty while n and Tn increase. Also the variance of the posterior distribution of the c parameter decreases when n and Tn increase. Figure  2 shows the distributions of the Rayleigh as well as the closed- figure 2 , it can be found that the PDFs are taking the form of the Rayleigh as n and Tn increase. From the lower panel of the figure 2, it can be seen that the probabilities of the wind speed availabilities are increasing while n increases. Figure  3 shows the distributions of the Rayleigh as well as the closed-forms of predictive wind speeds considering G (10, 10) prior while changing n and Tn. From the upper panel of the figure 3, it is also seen that the PDFs are taking the form of the Rayleigh as n and Tn increase. From the lower panel of the figure, it can be found that the probabilities of the wind power production are increasing while n increases. Table 3 shows the probabilities of wind power availability for the Rayleigh model without uncertainty as well as the predictive wind speed model under different choices of priors while changing n. More specifically the probability of available wind speed is the difference of the probabilities of the wind speed being less than or equal to VCO and that less than or equal to VCI. Table 3 also gives the probability of the maximum available wind power as the difference between the probabilities of the wind speed being less than or equal Figure 4 shows the effect of changes in Tn on the CDF of the closed-form P(IV) of predictive wind speed while keeping n and prior constant, e.g. n = 3 and G (10, 10) . It is obvious that the probability of the available wind power increases when Tn increases. V. CONCLUSION The quality of wind speed modeling depends on the suitability of the chosen probability models to describe the wind speed frequency distribution. The models most commonly used in recent literature to describe wind speed distribution are Weibull and Gamma, both of which belong to the Generalized Gamma (GG) family. These models view the distributions of the wind speed over a wind farm as being homogenous. However, a wind farm has multiple turbines installed in different locations, each of which may have its own distribution model. The main aim of this paper was to develop a wind speed model that can aggregate the non-homogenous distributions into a single continuous distribution. For this purpose the authors considered a Rayleigh model which is an especial case of Weibull to describe the wind speed. A Bayesian predictive model has been developed to capture the uncertainty about the wind speed parameter. The closed-forms of posteriors and predictive wind speeds consider the conjugate priors for Rayleigh have been derived. Comparing posterior and predictive inferences under different reasonable choices of prior distribution in sensitivity analysis, (and, for that matter, different reasonable choices of probability models for data) showed that if the sample size is small, or if the available data provide only indirect information about the parameters of interest, the prior distribution becomes more important.
A. Wind power implications

